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Solutions to Assignment #5

1. Optical traps and scattering.

a) The AC Stark shift

We derived in class a perturbative expression for the wavefunction and thus the polarizability of an
atom in an oscillating electric field. The result we obtained was straightforward except perhaps for the
neglect of a “-1” term. This term was dropped because we chose to neglect transient effects, that is
we sought to describe the atom after a long exposure to monochromatic light. Another way to view
our neglect of transient terms is to consider that rather than suddenly switching on the the light field,
we had ramped it on “adiabatically,” meaning that the atom would be oscillating in a steady state
manner. Other than an overall phase factor, this would yield exactly the result that we had obtained
in class, namely that if we consider an electric field ǫ(t) = ǫẑ cos(ωt) which couples the ground state
|g〉 to a single excited state |e〉, and represent our wavefunction in the form

|ψ(t)〉 = ag|g〉 + aee
−iω0t|e〉 (1)

then

ae(t) =
ǫ

2~
〈e|Dz|g〉

(

ei(ω0−ω)t

ω0 − ω
+
ei(ω0+ω)t

ω0 + ω

)

(2)

The atomic dipole moment of the atom is given by

d(t) =
1

~
|〈e|Dz|g〉|2

(

1

ω0 − ω
+

1

ω0 + ω

)

ǫ(t) (3)

= α(ω) ǫ(t). (4)

From the fact that the oscillator strength is unity we obtain

|〈e|Dz|g〉|2 =
~e2

2mω0
(5)

and thus,

α(ω) =
e2

m

1

ω2
0 − ω2

(6)

The AC Stark shift is then given by

UAC(i) = −1

2
α(ω)ǫ2cos2 ωt (7)

= −1

4

e2

m

1

ω2
0 − ω2

ǫ2 (8)

UAC(i) = − 2πe2I

mc(ω2
0 − ω2)

(9)

where the intensity I is given by I = cǫ2/8π.

The AC Stark shift can also be obtained by nonperturbatively solving the time-dependent Schrödinger
equation for the time-dependent eigenstates of the atom and field combined. This approach is suited
for describing near-resonant driving of a two-level atom and is known as the dressed atom picture.
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In this approach, we make the rotating wave approximation. This requires us to solve the following
Hamiltonian (see Homework 1, problem 2):

H =
~

2

(

−ω0 ωRe
iωt

ωRe
iωt ω0

)

(10)

where ω0 is the frequency separation between the S and P states , ωR is the Rabi frequency, and ω is
the radiation frequency, as usual. The time-dependent eigenstates are

|+〉 = e−i(ω′

R
−ω)t/2

[

cos θ |S〉 + sin θe−iωt |P 〉
]

(11)

|−〉 = e−i(−ω′

R
+ω)t/2

[

− sin θeiωt |S〉 + cos θ |P 〉
]

(12)

up to a shared, global (unimportant) phase. We again use the conventions δ = ω−ω0, ω
′

R =
√

ω2
R + δ2,

sin θ =
√

ω′

R
+δ

2ω′

R

, and cos θ =
√

ω′

R
−δ

2ω′

R

.

Note, for δ < 0 (red-detuning, as we are using here), in the weak field limit (ωR = 0), we identify the
states

|+〉 → |P 〉 (13)

|−〉 → |S〉 (14)

Therefore, if we again neglect transients, then the effect of slowly turning on the light is to place our
once ground-state atom into the dressed state |−〉. The time-dependent phase factors in the equations
above can be identified as energies. We obtain the AC Stark shift by considering the difference in
energy with the light on and off, i.e.

UAC(ii) = ~

(

−ω′

R

2

∣

∣

∣

∣

ωR

− −ω′

R

2

∣

∣

∣

∣

ωR=0

)

(15)

= −~

√

ω2
R + δ2 − |δ|

2
(16)

= −~ω2
R

4|δ| (17)

Using the definition of the oscillator strength and the identification

~ωR

2
=
ǫ · D

2
(18)

we obtain

UAC(ii) = − e2

8mω0

(

1

ω0 − ω

)

ǫ2 = − πe2I

mω0(ω0 − ω)
. (19)

We can cast these results in more useful quantities by introducing the saturation intensity ISAT which
for our ideal two-level atom is

ISAT =
mω0Γ

2

8πα
. (20)

α = e2

~c is the fine structure constant. This gives

UAC(i) = −1

4

ω0Γ

ω2
0 − ω2

I

ISAT
~Γ. (21)

and for small detunings, we get the dressed atom result, namely

UAC(ii) = −1

4

I

ISAT

1

2|δ|/Γ~Γ. (22)
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The ratio of results (i) and (ii) is

1
ω0−ω + 1

ω0+ω
1

ω0−ω

= 1 +
ω0 − ω

ω0 + ω
(23)

On resonance, the two expressions are identical. At DC (ω = 0), the perturbative (correct) result is
twice the dressed atom result, since then the counter- and co-rotating terms give equal Stark shifts.

b) Excited state fraction

Using the above results, one finds the likelihood of finding the atom in the excited state in the pertur-
bative approach is

Pe = |a2
e| (24)

=
ǫ2

4~2
|〈e|Dz|g〉|2

(

1

(ω0 − ω)2
+

1

(ω0 + ω)2
+ · · ·

)

(25)

where the · · · refer to rapidly oscillating terms that we neglect. From the definition of the oscillator
strength, we thus obtain

Pe(i) =
ǫ2e2

8m~ω0

(

1

(ω0 − ω)2
+

1

(ω0 + ω)2

)

=
παI

mω0

(

1

(ω0 − ω)2
+

1

(ω0 + ω)2

)

. (26)

For the dressed atom result, we obtain

Pe(ii) = cos2 θ (27)

=
1 + cos 2θ

2
(28)

=
ω′

R − |δ|
2ω′

R

(29)

≃ ω2
R

4δ2
(30)

Pe(ii) =
παI

mω0

1

(ω0 − ω)2
(31)

Equivalently, expressed in terms of the saturation intensity, we find

Pe =
1

2

I

ISAT

1

(2|δ|/Γ)2
. (32)

c) Rayleigh scattering rate

Rayleigh scattering can be calculated several ways. Let us use results of classical electromagnetism
(for a fully quantum-mechanical derivation, look up Exercize 3 in Cohen-Tannoudji’s Atom-Photon
Interactions). The power emitted by an oscillating dipole of moment d(t) = d cosωt is [Jackson,
Chapter 9.2]

P =
ck4

3
|d|2. (33)

Since each photon carries ~ω of energy, the photon scattering rate is

Γscat =
P

~ω
=

ω3

3~c3
|d|2. (34)
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In part a) we calculated the dipole moments of the atoms in a monochromatic wave. So we obtain

Γscat(i) =
ω3

3~c3
×
(

e2

m

1

ω2
0 − ω2

)2
8πI

c
. (35)

We can also recast this equation into the useful form

Γscat =
|UAC |

~
× 4

3
α3 ω

ωA

ω2

ω2
0 − ω2

(36)

We obtain the dressed atom result with the substitution
(

1

ω0 − ω
+

1

ω0 + ω

)

=
2ω0

ω2
0 − ω2

→ 1

ω0 − ω
(37)

so

Γscat(ii) =
ω3

3~c3
×
(

e2

m

1

2ω0

1

ω0 − ω

)2
8πI

c
. (38)

We can relate this to the results of part b) by

Γscat(ii) =

(

πe2I

~cmω0δ2

)

×
(

4

3

ω3
0

c3~

~e2

2mω0

)

×
(

ω

ω0

)3

(39)

= Pe × Γ ×
(

ω

ω0

)3

. (40)

Thus, the Rayleigh scattering rate is given by the probability of being in the excited state, times the
spontaneous emission rate from that state, corrected by a phase-space factor which guarantees that an
atom in a DC field does not radiate.

As one can see, when |ω − ω0| ≪ ω0, the scattered power is ~ωΓscat proportional to ω4 – the blue-sky
formula.

d) Proper choice for an optical trap

We use the following expressions

UAC(i) = −1

4

ω0Γ

ω2
0 − ω2

I

ISAT
~Γ (41)

and

Γscat =
|UAC |

~
× 4

3
α3 ω

ωA

ω2

ω2
0 − ω2

(42)

Assuming an oscillator strength of unity for sodium gives

Γ =
4

3

ω3
0

~c3
D2 (43)

=
2

3
α3 ω0

ωA
ω0 (44)

= 6.3 × 107s−1 (45)

ISAT =
mω0Γ

2

8πα
= 6.2

mW

cm2
(46)

For a 10 µK trap depth,

I = 0.52
mW

cm2
× ω2

0 − ω2

ω0Γ
(47)
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and for a 6 µm spot size, this implies a power of

P = I · 5.6 × 10−7cm2 (48)

Γscat = 0.68 s−1 ω

ωA

ω2

ω2
0 − ω2

(49)

Yellow Option: For the small detuning

I = 0.52
mW

cm2
× 2|δ|

Γ
= 175

mW

cm2
(50)

P = 9.6 × 10−5 mW (51)

Γscat = 7.9 × 103 s−1 (52)

Red Option:

ω = 3.0 × 1015 s−1 (53)

I = 3.2 × 106 mW

cm2
(54)

P = 1.8 mW (55)

Γscat = 0.36 s−1 (56)

Infrared Option:

ω = 1.9 × 1015 s−1 (57)

I = 1.7 × 107 mW

cm2
(58)

P = 9.6 mW (59)

Γscat = 1.7 × 10−2 s−1 (60)

Based on the above considerations, we chose to use infrared light — only handfuls of milliwatts are
needed, and the optical traps are extremely long lived. As a result, we have been able to study optically
trapped condensates for as long as 20 ∼ 30 seconds.

2. Gauge transformations.

See attached sheet from Weissbluth Photon-Atom Interactions.

3. Optical Transitions Driven by Blackbody Radiation.

a)

The average energy density is:

u =
1

V

∫

∞

0

ρ(ω)~ω

e
~ω

kT − 1
dω

The density of states is:

ρ(ω) =
ω2V

π2c3

Plugging this in we get:
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u =
~

π2c3

∫

∞

0

ω3

e
~ω

kT − 1
dω

=
(kT )4

π2(~c)3

∫

∞

0

x3

expx − 1
dx

u =
π2(kT )4

15(~c)3

The average photon density is:

n =
1

V

∫

∞

0

ρ(ω)

e
~ω

kT − 1
dω

=
(kT )3

π2(~c)3

∫

∞

0

x2

ex − 1
dx

n =
2.404

π2

(

kT

~c

)3

b)

u =
1

8π

(

E2 +B2
)

=
1

4π
E2

E2 = 4πu

Erms =
√

4πu

Plugging in u, we get

Erms = Brms =

√

4π3(kT )4

15(~c)3

c) The energy flow rate is simply given by the Poynting vector

−→
S =

c

4π

−→
E ×−→

B

|−→S | = uc

To get the intensity escaping through the hole, we just integrate this over a hemisphere (multiplied by
a cosine factor which takes into account the vanishing size of the hole as viewed from steep angles.
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P = cu

∫

cos θdΩ
∫

dΩ

=
1

4
cu

=
π2(kT )4

60~3c2

= σT 4

d) The intensity at the suns surface can easily be found from the intensity at the earth. If reo is the
radius of the earth’s orbit, and rsun is the radius of the sun, then

Isun = Iearth

(

reo

rsun

)2

= Iearth

(

1

sin θ
2

)2

=
1.4kW/m2

(4.45 · 10−3)2

= 70.7MW/m2

T =

(

Isun

σ

)
1

4

= 5942K

e) The transition rate is related to the average number of photons within the linewidth of the transition
(which is proportional to the spectral density Ī).

R =
π

2
σ
Ī(ω) · Γ

~ω

=
π

2

(

6πλ̄2
) Γ

~ω

(

~ω3

π2c2
1

e
~ω

kT − 1

)

=
3Γ

e
~ω

kT − 1

e
~ω

kT =
3Γ

R
+ 1

~ω

kT
= log

3Γ

R
+ 1

T =
~ω

k log
(

3Γ
R + 1

)

=
2π~c

kλ log
(

3Γ
R + 1

)

We want to trap for a minute, so R = (1minute)−1 = 0.01667Hz. That gives us a temperature of:

T = 1055K
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4. RF Transition Lifetimes and RF Blackbody Transitions.

a)

Since this transition is a magnetic dipole transition, as discussed in class, the transition rate should be
down by a factor of α2 compared to an electric dipole transition at the same frequency. In addition,
since the lifetime scales with ω−3, we expect another large factor compared to higher frequency optical
transitions. So we expect to get a long lifetime for this state.

Γ =
4

3

ω3µ2
B

~c3

= 2.9 · 10−15Hz

τ =
1

Γ
= 3.4 · 1014seconds = 11millionyears

τ = 3.4 · 1014seconds = 11millionyears

b) We already have the formula for this from the last problem

R =
3Γ

e
~ω

kT − 1

Since we know that λ is 21 cm, ω is 8.98 GHz. Plugging the numbers in we get:

R(T = 4K) = 5 · 10−13Hz

R(T = 300K) = 3.8 · 10−11Hz
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