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Prof. Wolfgang Ketterle, Vladan Vuletic

Solutions to Assignment #5

1. Optical traps and scattering.
a) The AC Stark shift

We derived in class a perturbative expression for the wavefunction and thus the polarizability of an
atom in an oscillating electric field. The result we obtained was straightforward except perhaps for the
neglect of a “-1” term. This term was dropped because we chose to neglect transient effects, that is
we sought to describe the atom after a long exposure to monochromatic light. Another way to view
our neglect of transient terms is to consider that rather than suddenly switching on the the light field,
we had ramped it on “adiabatically,” meaning that the atom would be oscillating in a steady state
manner. Other than an overall phase factor, this would yield exactly the result that we had obtained
in class, namely that if we consider an electric field €(t) = €z cos(wt) which couples the ground state
|g) to a single excited state |e), and represent our wavefunction in the form
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The atomic dipole moment of the atom is given by
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From the fact that the oscillator strength is unity we obtain
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The AC Stark shift is then given by
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where the intensity I is given by I = ce? /8.

The AC Stark shift can also be obtained by nonperturbatively solving the time-dependent Schrédinger
equation for the time-dependent eigenstates of the atom and field combined. This approach is suited
for describing near-resonant driving of a two-level atom and is known as the dressed atom picture.



In this approach, we make the rotating wave approximation. This requires us to solve the following
Hamiltonian (see Homework 1, problem 2):
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where wy is the frequency separation between the S and P states , wg is the Rabi frequency, and w is
the radiation frequency, as usual. The time-dependent eigenstates are
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up to a shared, global (unimportant) phase. We again use the conventions § = w—wo, Wy = \/w% + 02,
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Note, for 6 < 0 (red-detuning, as we are using here), in the weak field limit (wg = 0), we identify the
states
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Therefore, if we again neglect transients, then the effect of slowly turning on the light is to place our
once ground-state atom into the dressed state |—). The time-dependent phase factors in the equations

above can be identified as energies. We obtain the AC Stark shift by considering the difference in
energy with the light on and off, i.e.
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Using the definition of the oscillator strength and the identification
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We can cast these results in more useful quantities by introducing the saturation intensity Igar which
for our ideal two-level atom is
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o= Z—i is the fine structure constant. This gives
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and for small detunings, we get the dressed atom result, namely
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The ratio of results () and (%) is
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On resonance, the two expressions are identical. At DC (w = 0), the perturbative (correct) result is
twice the dressed atom result, since then the counter- and co-rotating terms give equal Stark shifts.

Excited state fraction

Using the above results, one finds the likelihood of finding the atom in the excited state in the pertur-
bative approach is
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where the --- refer to rapidly oscillating terms that we neglect. From the definition of the oscillator
strength, we thus obtain
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For the dressed atom result, we obtain
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Equivalently, expressed in terms of the saturation intensity, we find
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Rayleigh scattering rate

Rayleigh scattering can be calculated several ways. Let us use results of classical electromagnetism
(for a fully quantum-mechanical derivation, look up Exercize 3 in Cohen-Tannoudji’s Atom-Photon
Interactions). The power emitted by an oscillating dipole of moment d(¢) = dcoswt is [Jackson,
Chapter 9.2]
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Since each photon carries hw of energy, the photon scattering rate is
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In part a) we calculated the dipole moments of the atoms in a monochromatic wave. So we obtain
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We can also recast this equation into the useful form
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We obtain the dressed atom result with the substitution
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We can relate this to the results of part b) by
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Thus, the Rayleigh scattering rate is given by the probability of being in the excited state, times the
spontaneous emission rate from that state, corrected by a phase-space factor which guarantees that an
atom in a DC field does not radiate.

As one can see, when |w — wp| < wp, the scattered power is Awl sqq¢ proportional to w* — the blue-sky
formula.

d) Proper choice for an optical trap

We use the following expressions
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Assuming an oscillator strength of unity for sodium gives
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and for a 6 um spot size, this implies a power of
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Yellow Option: For the small detuning
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Based on the above considerations, we chose to use infrared light — only handfuls of milliwatts are
needed, and the optical traps are extremely long lived. As a result, we have been able to study optically

trapped condensates for as long as 20 ~ 30 seconds.
Gauge transformations.

See attached sheet from Weissbluth Photon-Atom Interactions.

. Optical Transitions Driven by Blackbody Radiation.

The average energy density is:

The density of states is:

Plugging this in we get:
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Plugging in u, we get
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¢) The energy flow rate is simply given by the Poynting vector
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To get the intensity escaping through the hole, we just integrate this over a hemisphere (multiplied by
a cosine factor which takes into account the vanishing size of the hole as viewed from steep angles.
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d) The intensity at the suns surface can easily be found from the intensity at the earth. If r.o is the
radius of the earth’s orbit, and rsun is the radius of the sun, then
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e) The transition rate is related to the average number of photons within the linewidth of the transition
(which is proportional to the spectral density I).
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We want to trap for a minute, so R = (Iminute)™! = 0.01667H z. That gives us a temperature of:



4. RF Transition Lifetimes and RF Blackbody Transitions.
a)

Since this transition is a magnetic dipole transition, as discussed in class, the transition rate should be
down by a factor of a? compared to an electric dipole transition at the same frequency. In addition,
since the lifetime scales with w3, we expect another large factor compared to higher frequency optical
transitions. So we expect to get a long lifetime for this state.

_ 4w
3 hc?
=29-107"Hz
1
T=§= 3.4 - 10Yseconds = 11millionyears
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b) We already have the formula for this from the last problem
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Since we know that A is 21 cm, w is 8.98 GHz. Plugging the numbers in we get:
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R(T =300K)=38-10""Hz
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In the same way,
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From Eq. (4.299), however,
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Solution to Problem 2 ®

d 1 Clange Transiormaltions

Fhe conclosion, then, is that in a squeezed state the magnitude ol the oc-
titions or the noise level in one of the two quadture components can he
reduced below the noise level of a coherent stite, which, we saw. corresponds
to the vacuum linat. Clearly, (he noise diminution in onc quadrature is
achicyed at the expense of noise enhancement in the other quadrature. A plot
of L, (4.305) 1s shown in Fig, 4,3,

Virious nonlinear processes have heen proposed for the production of
squeczed states. Among them are parametric amplifiers [ 121, depenerate and
nondegenerate lour-wave mixers [ 13 17, resonance Nuorescence [ I8, 19],
and iterachion of clectromagnetic waves with plasmas [20]. Experimental
verification employing phase-sensitive detection methods has been demon-
strated by four-wave mixing [21-23] and by degenerate parametric down-
conversion | 24 ]. Applications of squeezed states to communication [25] and
to gravitational radiation detectors [26] have been suppested.

4.10  Gauge Transformations

In classical clectromagnetic theory, a pauge transformation on the scalar
potential ¢ 1) and the veetor potential A(r, 1) is defined by the relations

)
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o
(4.3006)
Afr ) = Ale, 1) + V(e 1),

where [(r, 1) is an arhitrary dilferentiable scalar function of space and time.
Since the fields are related to the potentials by
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i gange transformation of the potentials has no effect on the ficlds: that is,
when ¢hand A are repliaced by ¢ and A, (he liclds arc unchanged. Henee, the
potentials are not determined uniquely.

I now will be shawn that the transformations (4.306) also may arise in
guantum mechanical context. The fundamental Hamiltonian lor the inter
action ol o nonrelitivistic ¢lectron with an external cleetromagnetic ficld
[1,2] is
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where m,. e.and pare the mass. charge, and linear momentum. respectively. of
the electron: dir. 1) and A(r. ) are the scalar and vector potentials, respectively.
af the external ficld Ttis recalled (Section 3.2) that the unitary trimsformation

fir. 1) = O (r,1) (4.309)

fransforms the time-dependent Schrodinger equation
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With p = —ihV,
pO! = cO'Vf +0'p,  (p+eA)0" = 0'[p +e(A + V)], (4314)
(p+ A0 = (p+ eA)O'[p+ (A + V)] = 0'[p + c(A+ VI2. (4.315)

we have
Olp + eA)0 = [p+ e(4 + V)], (4.316)
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The Hamiltonian (Eq. (4.308)) is transformed then into

(4.318)
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What has been shown is that the operator O defined by Eq. M'J.i 3) acling
through the transformation (4.312), gencrales a gauge lr:'.nsh.‘-rm:lhtm n[_tl.u:
tvpe of Eq. (4.306) when the Hamiltonian has the form ol _I'.q‘ (4.308). This,
|i}cn. is the quantum mechanical counterpart to the classical gauge lr:luw
lormation. Since @ is i unitary operator, its effect on the wave |—III1l:‘T|{lI! i is to
alter the phase but not the absolute value. Consequently, |hclphy.~4|c:ll content
of quantum mechanics cannot depend on the speeific choice ol the gauge
function f(r, 7).
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Letus now consider the case of a electron interacting with an electromagne-
tic field that has no scalar potential (¢p = 0). The field (hen. is. deseribed
completely by the vector potential alone, as in the case of a radiation ficld. The
Familtonian (. (4.308) reduces to

1
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and the transformed Tamiltonian (. (4.318)) reduces to
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We now choose a gauge function in the form
f(r. ) = —Af1) r; (4.321)

in which the vector potential is independent of spatial coordinates. Since we
areconcerned mamly with atomic or molecular systems, il is sullicient for A (or
the ficlds E and B) not to vary over a distance of a few Angstroms. In other
words, the wavelengths associated with A must be long in comparison with
atomic dimensions, or,

kere|. (4.322)
In the context of i multipole expansion, this condition is recognized as the
approximation wherehy all multipoles except the leading one— the dipole
ferm——are ignored. Specifically, it is the eleetric dipole term (E1) that is of
primary interest.
With the gauge lunction (Eq. (4.321)) we have

A
Vi=-Alt) —<-=-—r- , =r-E(), (4.323)
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Thus, the effect of the pauge transformation with the gauge funclion
(g (4.321) has been to climinate the vector potential from the Hamiltonian.

The Hamiltonian, Fy. (4.319). contains the terms e(p = A + A - p). I g(r.0) is
an arbitrary function of position and time,

(4.324)

p-Aglr, )= A -[pgle,0)] + glr,0)[p- Al (4.325)

Sinee we are interested exclusively inradiation ficlds obeying the trans-
versality condition, the vector potential is subject (o the Coulomb gauge

. -
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(Section 4.2) V - A = 0. Therelore,
(p-A)=—ihV-A =0, (4.320)
and

peA=Ap. (4.327)

We sce, then, that the interaction term in.# s
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On the other hand, the interaction term in the gauge-transformed TTamil-
tonian (Fq. (4.324)) 15
er - E(f) = —d - E(1) (4.329)

where d = —¢r is the electronic dipole moment operator. Thus. within the
dipole approximation, the single term (Eq. (4.329)) is equivalent to the wo
terms (Fq. (4.328)).

One should be aware, however, that although Eq. (4.329) is used widely as
the interaction Hamiltonian in quantum optics, morce delicate considerations
may need (o be taken into account [27-29].

4.11 Density Matrix for Interactions
with Monochromatic Fields

For later applications to nonlinear phenomena, we now shall evaluate the
density matrix clements shown in Egs. (2.274) and (2.275) lor systems initially
in thermal equilibrium when V(1) is the dipole interaction operator

Vi = —d- E(r) (4.330)

as in Eq. (4.329). Following the convention due to Shen [30]. the complex
classical ficld (with the spatial dependence omitted) is written in terms of ils
Fourier components.

(1) = Z E(m,)e " (4.331)
Employing the definitions
talon,) = —dyy - Elw,), (4.332)

and the assumption that dy, are real matrix clements, the matrix clement of the
interaction operator, Eq. (4.330), for a single monochromatic ficld of frequency
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and the matrix clement (1. (2.274a)) becomes

i g
Ck|ptMoN = —hl' ""“'p',:r“{frn" dfpels =Ky (4.315)

The integral is readily evaluated, bearing in mind that V() =0 for t <1, as
discussed in Scction 2.8. Thus.
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Following the same procedure, the matrix element (Eq. (2.274b)) becomes

'-I - - ot L0
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Combining Fgs. (4.330) and (4.337).
Clp 01y = Cklpl 0N + <klph O
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h (e, — )

When the ficld contains more than one frequency, it is necessary merely Lo
write an expression like the one above for cach frequency: the final matrix
clement is obtained by summing over all frequencies, i.c.,

I-"r{l'”'}[' ot
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7y —m,)
1L is elear from this expression that the individual frequencies do not mix with
one another—— cach frequency behaves independently. Because of this pro-
perty, p'V(1) is said to be associated with lincar ellects.

Nonlinear effects begin to appear when we investigate p2At). For Lhis
purpose, let

E(1) = E(m)e " E{m,)e ™" (4.340)
The matrix clement of the interaction operator then may be writlen
1) = vgleng e L P e (4.341)

With this interaction, we can generate a density matrix whose timce-
dependence is proportional to exp[ —i(m, + m,)(]. Should we wish to
gencrale o density matrix proportional to expl —ifm, — wy )], the Fourier
C!"!]T'Ii'f(ll‘l_'.l'll.‘i

(1) = Efm)e "™ 4 EX(m,)e™, (4.342)
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