8.421 - PS7 SOLUTIONS

MARKO CETINA

PROBLEM 1

The resultant line shape is

Dr(w —wg) = / dw' Dy (w — w')Da(w — wp)

)
=
=

I

/ " 46D — 87)Da(8)

— 00

where § = w — wy, and ¢’ = W’ — wg is the dummy variable.

Shorthand notation for this convolution is Dgr(§) = D1(d) ® D1(d). The convo-
lution theorem states that the convolution of two functions is the inverse Fourier
transform of the product of their fourier transforms. Thus we have

where d(t) = [70_e~*D(6)dS and the double arrow indicates that the two sides
are Fourier transforms of each other.

a) If D() = %%, its transform is d(t) = e T1!1/2. (You can show this by
doing a contour integral or just find it in a table of Fourier transformations.) So,

Dr(d) FoHdi(t)d(2(1)]
F—l[e—(l“1+1"2)\tl/2]

1 (P +Ty)/2

™ 62 + [(Fl =+ FQ)/2]2

Also Lorentzian with FWHM=T1"y + I's.

b) If D(§) = \/#6*52/”2 (rm.s. deviation V< 62 > = I'), its transform is

d(t) = e T***/2, The resultant line shape is

Dr(d) = F7Hdi(t)d(2(1)]

F—l[e—(Ff+F§)t2/2]

1 epa
2n(I2 +12)

Also Gaussian with r.m.s. deviation= (T'? + T'3) (1/2).
1
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c¢) This question is playing with the different definitions of linewidth. A Gauss-
ian with r.m.s deviation /2, D(8) = (/=25 2"/T" has FWHM of 26,5, s.t.
D(61/2) = D(0)/2. Then FWHM=T"v/2n2 = 1.18T".

Since ffooo dé % is diverging, the r.m.s. deviation for Lorentizian distribu-
tion is undefined.

PROBLEM 2

a) With N. and N, the ground and excited state populations, the Einstein rate
equations can be written as:

Ny = —Ny(Rey+T)+ RyeN,
N, = +Ny(Reg+T) = RyeN,

with I' = A, Rey = Bey (w), Rge = Bge (w) and (w) the energy density per
frequency interval of the driving field. In equilibrium, N, = N = 0 so

Ny (Reg +T) = RgN,

and

Ny Rge 2Ry /T s

Ny, Reg+D 2R, T+2 s5+2

b) The total number of atoms is constant: N, + N, = N while from the previous
problem, in equilibrium, N, /N, = s/ (s + 2), so:

N s
C2s+1
and the spontaneous emission rate per atom is:
ANb - I s
N  2s+1

The atoms absorb light from the incident field by stimulated absorption and
return it to the incident field via stimulated emission. The total power is conserved
so the difference between these two is equal to the spontaneous emission power W:

W = RyeN, — ReyN, = AN,

By definition of the photon scattering cross-section o, the scattered power can
also be written as W = o X Iy with Iy the incident field intensity Io. Since Iy ~ (w):

_ hwAN, AN, AN, N, N,

I (w)  Rge/Bge 2Rz /T s

g

and

N s 1

7~ Y e
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which bleaches out as o (s) = o (s =0)/(s+1).

c)

2R 2B {(w 1 A
1=s5= Fge: 92<>:$<w><w>SAT2Bg€

The relationship between Einstein’s A and B coefficients and hence the satura-
tion energy density is independent of the details of the two-level atom under con-
siderations, including its dipole matrix element. The reason for this is that both
coefficients describe rate processes driven by the electromagnetic field — the former
the spontaneous emission driven by the vacuum field and the latter the stimulated
absorption /emission driven by the radiation source. The ratio between these two
rates then depends only on the source energy density relative to the energy density
of the vacuum field.

d) From the Einstein A and B coefficient derivation,

A=p)

where V' the volume of the radiation box and p (w) is the density of states in 3D
including both light polarizations:

Beg

1/3

p) =2 (' )34w<w/c>2/c:

For two-level atom R.; = Rg4e and Bey = By, so:

w?

m2c3

(w) _ 1A _1(By) A _1h?
SAT " 2B, 2\ By) Bey 2723
In terms of the mean number of photons per mode (n (w)):

(1 (@) = " p () . ()

For s = 1, corresponding to stimulated absorption rate one half of the sponta-
neous emission rate:

Bye (()) = By "2 p (0) (n (@) = A2 = p() " By 2

SO
1B, 1

(n(w))gar = 5396 =3

In other words, the stimulated emission rate due to vacuum fluctuations corre-
sponds to one photon per mode of the electromagnetic field.

A note on polarization:
This problem only considers two-state atoms. A real atom will have degeneracies
in the ground and excited states, in which case Einstein’s A and B coefficients give:

Reg = Beg (w(w)) 5 Rge = Bye (w (w))

hw
9gRge = geReg 3 A=p(w) VBeg
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In the simplest case of a transition between J =0 and J = 1 levels in an [ =0
atom, the net effect is a 3x increase in the stimulated absorption rate over the
stiumulated and spontaneous emission rates. The reason for this is that an atom in
the ground state can absorb all light polarizations while an atom in a given excited
m-state has to emit one given polarization to return to the ground state.

If the atom is driven by a polarized source, it will be similarily polarized and the
stimulated emission rate due to the source will still be equal to the (unchanged)
stimulated absorption rate. The saturation parameter will still be s = 2R, /T" but
with I' 1/3rd of its original value, corresponding to 1/3rd of the vacuum modes hav-
ing the right polarization for spontaneous emission. Consequently, the saturation
intensity will be 1/3rd of the scalar value:

11 hw?
Wsar = 3% 38

while the mean number of photons per mode of the polarized driving field will
be 1/6.

e) The energy density of a beam with intensity Iy will be Iy/c. Meanwhile, for
a Lorentzian lineshape of FWHM IV, the power density will be:

b (I'/2)
Iw)=— (w —wo)® + (I"/2)?
Indeed, then:
1 1
) = S
vy To (I'/2) _ L.
Tt TR = o mayympy ~ 2t @) /2

> _ * 1 (1/2) "
[wl(w)dw = Io/mWw2+(l/2)2d

I
= —2miRes
T

(1/2) ]
wz + (1/2)2 w=1i/2

To reach s =1 at w = wp:

1o 1 14 1w
cmI’/2 2B 2w

or

FM’UB / ™ /

If we include the effect of polarization as in part d), Iy = hw3I"/12mc?.

f) From Lecture 12, by first-order perturbation theory, in the rotating-wave
approximation, for a driving field at detuning A, the excited state amplitude will
be:
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1 (" wr wp e A2 A
()=~ [ dr Heiar 2R Y
ce (t) Z,/O Te A ;T sin| 5

Under broadband incoherent drive field, the various frequency components of the
driving field will contribute incoherently to the excited state amplitudes. Conse-
quently, we add the corresponding populations to find the excited state probability:

pe(t) = /w@%(A)wdA

o A?
_ ot [ o2 sin? (At/2)
-1 /m RS 1)
= g&f%(())xt

where ©% (A) is the power spectral density of the Rabi frequency. Since w? is
proportional to the beam intensity I, (IJ%% will be proportional to the power spectral
density I (w) of the beam intensity. Since for a Lorentzian I (w) with FWHM I"
2
from the previous problem I (A =0) = I;OF%/Q, we also have @% (0) = wf%ﬂ and
so:

Twsh 1 w?
pe(t) =SBy =
2 I7/2 r
corresponding to an excitation rate of Ry. = w%/I". Meanwhile, from the Ein-
stein A and B coefficients:

I(w) By hw\ Ip 1
Rye = Byo—— = 29°T =)=
9e = P0eT T T B, /<p(”) v> 172
so, in 3D, for a two-level atom:
w23 2 If() B 2?1

r

wz = — — -
B™ hd 7 e hw? ¢
If we include polarization, I' decreases 3 times so

6 2
w%:%xlol“

At s=1,2R, =T sow? =1"T/2.

g) Spontaneous emission i.e. coupling to the continuum of radiation modes
broadens the excited state to a linewidth I'. Consequently, the atom cannot really
‘see’ the true linewidth of a laser with linewidth smaller than I', perceiving it instead
as a broad source of linewidth T'. Then, as seen by the atom IV =T and we get the
above saturation result.

PROBLEM 3

a) The excited state probability for a two level system driven with arbitrary
detuning ¢ and field strength wg is given by the Rabi solution:

2 /
wph . wpt
pee(t) = TRSIH2 <§>
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where wf = \/w% + 62. For a large detuning, wy — 0 and

You might expect that with spontaneous emission, the sin® (6¢/2) oscillation in
the excited state population would damp out to an average value of 1/2 and
Pee(t — 00) = w% /282,

b) Denote the vacuum state of the field as |0) and the state with one photon in

the (w, k) mode as |w, k,1). If the atom is started in the ground state, under the
rotating wave approximation it will stay there. Hence, in this case:

¥ (t)) = e7"" |g) |0)
By linearity, if we start the atom in «|g) + fe), we will have:

¥ (2)) ae” 1" |g) 0) + Be= T2 [e) [0) + 8 A(w, k,t) |g) |w, k. 1)

w,k

|6 () 10) + 8 Aw, k. t) |g) lw,k, 1)

w,k

where we introduce an unnormalized atom state |¢ (t)) = e~ “sta |g)+e~wet=TH/23 |e)
corresponding to the coherent part of the atomic evolution. The decay of the norm
of this state corresponds to the transfer of population into the ground state via
spontaneous emission. Then:

p(t) = [0 ®) & O] =181)0) 0 @) + 18" D 1A (W, k) |g) lw, k, 1) (w, &, 1| {g]

w,k

+ S AW k) Bl () [0) (w,k, 1] {g] + cc.

w,k

Since Tr (|0) (0]) = Tr (Jw, k, 1) (w, k,1|) and Tr(|0) (w, k,1|) = 0, the last term
drops out and:

Patom (t) = Trradiationp (t) ‘ ¢| + |ﬁ| Z ‘A w k t |g> <g|

The total system wavefunction given in the problem is normalized so:

’e—””f + 3 1AW, k)P =

w,k

and:
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patom (1) = 16 @) (0 ()] + (1= 16 (1) ) 19) (o]

|Oé|2 BO‘ e*i(wgfwa)tfl‘t/Q
aB eilwg—we)t—Tt/2 |ﬁ|2 e~ Tt
L—laf* = |8 e 0
M ( 0 0
1— |ﬂ‘2 e~ Tt BO‘ efi(wgfwe)tfft/Q
= a3 i(wg—we)t=Tt/2 |ﬁ|2 eIt

Note that for this p, Tr (pz) < 1 1i.e. this density matrix does not correspond
to a pure state. The reason for this is that spontaneous emission admixes an
incoherent ground state mixture into the atomic ensemble which is not described
by the wavefunction |¢).

Also note that the last expression for p given in the problem was mistakenly
transposed.

Both the ee and the off-diagonal terms (coherences) are nonzero only because
of the excited amplitude in |¢ (¢)). Due to coupling to the radiation modes, this
amplitude decays as e T*/2. Since the coherences are proportional to this excited
state amplitude and the excited state population to its square, the population de-
cays twice as fast as the coherences.

c) With p(t) the reduced atomic density matrix from part b), by direct time
differentiation we get:

. - |ﬂ|267rt pge/2 )
p = —F( _
peg/2 1B e T

4 ( o (=) oy =) s )

Meanwhile,

1 _ 1 hwg 0 0 pge
i Horl = th 0 hwe>’<peg 0

1 0 wypge \ 0 wepge
g WepPeg 0 WgPeg 0

- (ol )

Since pee = |ﬁ\2 eI we see that for arbitrary a and (3 i.e. for an arbitrary initial
pure state of the atom, the evolution of p satisfies:

o1 —pec Pge/2 )
—_ H , _ ]:‘ ee ge
p ih [ 0 P} ( peg/2 Pee

Since the density matrix description is linear in statistical mixtures, this equation
also extends to arbitrary mixtures of states at ¢ = 0. Conversely, for an arbitrary
initial condition p (t = 0), the above equation specifies a unique time evolution of



8.421 - PS7 SOLUTIONS 8

the atomic density matrix.

d) Making the substitution pge — pgee™! and peyg — pege ™! we may write:

2H/h = —wyo. +wroye™! +wro_e ™!
p = pge€ oy + pego_e W+ wgz

with

the Pauli o-matrices. Then, using [0y, 0_] = 0., 02, 04] = 204, |0, 0-] =
—20_, [0i,Iax2] =0, we get:

1 —wo

G Hol = 2[00 pgee™ioy + pego_e” ]
wr [ , -
+ 7? O'+€IWt, pego__e—zwt + pgg2peeo_Z:|

wr [ ; , -
+ 7? U,B_Mt, pgeezwto_+ + Pgg 5 peeaz]

= _TC:O [ngeei“tmr — 2pege*wt07]
WR I — Pee .
+ 25 _peggz - pw2p”20+€w}t]
WR [ — .
% _p!]e (_Uz) + wQU—e lwﬂ
or
1 H o wo WR iwt
n [H,p] = —Tﬂge T 9 (Pgg — pec) ) o 1€
wo WR —i
+ ("'7969 + 9% (Pgg — Pee)) g_e !

+ (preg__f’ge> o,
21

We can also reduce the spontaneous emission term to o matrices as:

—p p eiwt 2 T . T .
-t ( pege_fjt/Q gepee / - 7§pge€wﬁo’+ B §pege ZWtU— + Fpeeaz

Finally, under the given substitution

pgg - pee

p = (pge+iwpge) emt0+ + (Peg — 1Wpeg) o_e Wt .

z

Equating the o; terms on both sides of the master equation and using 0; (pgg + pec) =
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. . T WR
Pge = |:Z (wO - w) - 2:| Pge — 9% (pgg - Pee)
. . r WR
Peg = |:Z (W —wo) peg — 2} + % (Pgg = Pee)
Pgg — Pee . . Peg — Pge
99 9 = pPgg = “Pee = WR g % g + Fpeeo—z

This can be rewritten in terms of the detuning § = w — wy as:

) . T \WR

Pge = —id — = Pge + 11—~ (pgg - Pee)
2 2

) . I \WR

Peg = +i0 — = ) peg — i~ (pgg — Pee)
2 2

R .WR

Pgg = 'H? (pge - pey) + Ipee

R .WR

Pee = _27 (pge - peg) — I'pee

e) At large detuning, the excited state population will be small. Consequently,
in the first two equations pyy — pee ~ 1 and

. T \WR
oD

. F WR
(+Z§ — 2) Peg — Z?

With the ansatz pge = A+ Bexp {(—id — L) t} and requiring that at ¢ = 0 the
atom starts unexcited (pge (t =0) = 0) we get B = —A and:

. r WR

o s on{(C- )

. t
r
= —|—% A exp{(—i5 - 2) T} dr
and similarily

__ Twr (L s _ L
v = e (-er{ (1))
. t
TWR . T
—T 06Xp{(+l§_2)7—}d7—

Substituting this in the equation for pe.:

Q

Pge

Q

Peg

ie.
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. t
pee + Fpee = (—Zwi) (+,LL2R> / 2671—‘7—/2 COS (5’7’) dT

0
w2 ¢
= & / e "2 cos (07) dr = f (t)
2 Jo
Taking the Laplace transform of both sides of the equation and using the prop-
erties of Laplace transforms together with pe. (0) = 0 gives:

(s + 1) L [pec] (5) = %éz [e*“/%os(at)}
_ wj%iRe{/ooo esteFt/2+i5tdt}
w2
pee ) = “IRe (L7 [g(5)] (1)
1 1 1

ssiTr24s—w 90

To find the inverse Laplace transform of g (s), use the Mellin transform with the
vertical part of the contour to the right of s = —I'. The contributions are from
poles at s =0, s = —T and s = —T'/2 + id:

g(t) > Res (eg(s); s = si)
1 e—Tt 1 67Ft/2+i5t 1

T T@T/2—d) | T T/2—is  T/2+idT/2+is

Taking the real part:

*) w% r/2 N et T)2 e~Tt/2 cos (6t)
Pee = 5 -
2Ar (w22 +e) TR0 o))
2
- Yr (1 +e Tt — T2 cos (5t)>
4 ((r/2)2 + 52)
2

~ YR Tt _ _-Tt/2

(6>T) = 152 (1 +e e cos (5t))

For t — 00, pee — wh/ (452), which is in disagreement with our answer for part
a). The reason for this is that spontaneousis a emission does not correspond to a
friction force which damps the Rabi oscillations. Rather, it is a damping mecha-
nism which pulls the Bloch vector towards the axis and towards the unexcited pole
of the Bloch sphere.

f) In equilibrium, p = 0 so
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. T W
0 = <—25 - 2) Pge + Z7R (Pgg — Pee)
) r w
0 = <+z5—2> peg—zg (Pgg — Pee)
W
0 = +ZTR (pge_peg)+rpee
or
— YR [(;“R ; _(;“R 5 — _
oo = =it [(i5) /6 +1/2) = (i) /(6 = T/2)] (pay — pec)
B wp\2 | i6—T/2—i6—T/2
- (7’2) [ 52 + (T/2)? (Pyg = pec)
w? /2
= f / 3 (1 —2pee)
2 1624 (T/2)
whence:
1 w/2
b = X T2 i
+(I/2)" + wi/
T s _ w% _2w12%
R T S T O L
S

This can also be rewritten as

s/(s+1)
(5/V/T+s(T/2)* +1

which corresponds to a Lorentzian of FWHM equal to /1 4+ s xI". This broaden-
ing of the atomic resonance due to Rabi oscillations is known as power broadening.

X

sc —

ol

On resonance, we can also write the scattering rate as:

2 2
I' s :W—Rx s _ 2wg

Rsc:* gy O =
21+s T 1+s° T2

which is exactly the quantitative saturation behavior obtained by analogy with
broadband excitation in Problem 2.

g) In this case the coherences decay with time constant T» while the populations
decay with T7. Tracing back the derivation of the evolution equations for p;;’s , we
can easily see that now:
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. . 1
Pge = <"5 T, > Pge + " (ng Pee)
. . 1 WR
Peg = +id — E Peg — 17 (pgg - Pee)
R .WR
Pgg = ‘H? (Pge - Peg) + pee/Th
. LW
Pee = _17}% (Pge - Peg) - Pee/Tl
In equilibrium we now have:
R
pee/Tl = 7 (pge - peg)
WR _ WR
) - ()67
Wr\ 2 25—1/T2—2(5—1/T2
= ( ) (ng — Pee)
+(1/Ty)°
w? 1/T:
e [T
2 024+ (1/T)
whence:
w2 /T 1 2 /T
pee(Tl_1+2F‘:/i2> _ ,X%
02+ 1T 2 24+ (1/Tw)
or
2
Pee = 1 X wplila

27 (0T + 14+ w3 TTh
The T5 decoherence time is seen to affect the linewidth while T affects the sat-
uration behavior of the NMR system with s = wlz%Tng.

We can also see that in the limit of large detuning,

1 wl%b T1
pee X ? X E
Setting To = 27 recovers the correct result for spontaneous emission while
Ty = T5 reproduces the simple guess from part a).
Therefore, we see that the equilibrium excited state population will in general

depend on the exact model of decoherence.



