
8.421   Spring 2006 (Prof. W. Ketterle) 4/5/2006 
 

Midterm Quiz 
Note: All the problems are “quick” problems.  Sometimes later parts of a problem can be 
answered, even if you miss the answer of an earlier part. 
 
1. Hydrogenic ions with nuclear charge Z (11 points) 

a. Write down the non-relativistic Hamiltonian for a hydrogenic ion with nuclear 
charge Z.  By rescaling length and energy, you should be able to transform to 
the Hamiltonian for hydrogen. What are the scaling relations? 

Find the scaling with Z of 
b. The expectation values of r, 1/r and 1/r3 where r is the distance of the electron 

from the nucleus, 
c. The expectation value of the potential energy V, 
d. The total energy E, 
e. The velocity of the electron, 
f. The probability to find the electron at the origin, 2( 0)rψ = , 
g. The fine structure splitting. 
h. The hyperfine structure energy splitting due the magnetic dipole of the 

nucleus (which should be regarded as independent of Z). 
 
2. Rydberg atoms in electric fields (6 points) 

a. For a Rydberg atom with principal quantum number n, how does the size 
scale with n? 

b. How does the energy scale with n? 
c. How does the density of closely lying states scale with n? 
d. What is the perturbative expression for the polarizability? 
e. How does the polarizability scale with n? 

 
3. Paschen Back effect of the fine structure at high magnetic fields (8 points) 
 
An atom has orbital angular momentum L, spin angular momentum S, and no nuclear 
spin.  The fine structure interaction Hamiltonian is ASL

GG
 

 
a. What are the relevant quantum numbers at low and very high magnetic fields?  
b. What are the energy levels of an atom in very high magnetic field? 

In your answer, you may use the Bohr magnetron µB. 
c. What are the energy levels of an atom in zero magnetic field? 

 
4. Spontaneous emission in two dimensions (12 points) 
 
In class, we derived the expression for the absorption rate in a two-level atom for an 
electromagnetic field with frequency ω0 and polarization ε.  n(ω) dω is the number of 
photons in the interval dω, and V the volume of the electromagnetic field: 



  
Γba =

4π 2

=V
ˆ ε •
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D ba
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Find the spontaneous lifetime for an atom that interacts with a two-dimensional 
electromagnetic field.  Assume that the atom is in a parallel plate capacitor with plate 
separation d<<λ, the resonant wavelength. 
 

a. Discuss the relevant modes in the parallel plate capacitor, and calculate the 
mode density. 

 
b. Calculate the rate of spontaneous decay without evaluating or discussing . 

baD
G

.  Express the two-dimensional lifetime in terms of the three-dimensional 
lifetime.  Try to explain why the 2D lifetime is larger or smaller than the 3D 
lifetime. 

 
c. Discuss now both s to p and p to s transitions by considering baD

G
. 
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