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Solutions to Assignment 10

1. The Dressed Atom

(a)

If we take the o > Q) or § — 0 limit, the original |b > and |a > states are not
well coupled by the field, and we are left with ¥, — |b > and V_ — |a >. Thus
we should consider the phase shift of |b > relative to ¥ and |a > relative to W_.
This phase shift is £(wy — Q)/2, or an energy difference of wy + 07, — Q2. We know
that the unshifted energy difference is wy, so the extra term d;, — 2 must be the
Stark shift.

In the &7, > Q; limit, Q goes as (1 + Q%/26%), so the shift is Ay = :I:% for
each dressed state.
In this limit, cos(#) — 1 and sin(0) — €21/26;, and the dressed states become:

U, = e i HAY e_i“’LtQ%m > +]b>)

U = e+z(%+A_)t( |a > _%e—&-zwyﬁw >)_
Note that this problem illustrates the difficulty of interpreting a time-dependent
wave function. Each dressed state has TWO frequency components, which differ
by the frequency of the driving laser field. The easiest interpretation is to do
spectroscopy and use another laser to drive a transition to a third unperturbed
state. Each dressed state will give us two resonances: a strong one (shifted by
the AC Stark effect), and a weaker one split of by wy. The latter corresponds to
a process involving an additional photon of the driving laser.

We have two expressions for the polarization vector. The dipole operator expec-
tation for the dressed state is (using ) = <2 < afz|b >

€2E0 2
< U, lez|U, >= | < alz|b > | cos(wrt).
hoy,
Comparing this to the given expression of a(wr,) Ey cos(wpt) gives a(wy) = W.
Knowing fu = Z2wy| < alz|b > |?, we can express | < alz|b > |* = ;‘7{—‘3’(), and get
Oé(bd ) _ 62fab
L 2mwodr,
When compared to the known
a(WL> _ €2fab
m(w§ — wi)



we can see that the approximation 2wy ~ wy + wy, has been made in our dressed
state expression. These two expressions thus agree in the limit d;, < wq. In the
dressed atom picture, this approximation was made through the rotating wave
approximation. Of course, the dressed atom and the perturbative result can only
be compared for small electric fields, as we assumed in (a).

As w;, — 0, the DC polarization is EO%. Our expression for the polarization
would be only half that. The approximatio% that was made in our original Hamil-
tonian was the rotating wave approximation, neglecting the counter-rotating term
as small. However, in the DC case, both rotating and counter-rotating contribute
equally, explaining the factor of two difference.

If |W(t =0) >=|a>and |¥(t) >= ay |V, (t) > +a_|V_(t) > we find a; = sin(h)
and a_ = cos(f) give us the correct behavior at t=0. Then (after some trig even
I can do) | < a|¥(t) > |> = 1 — sin?(20) sin?(Qt/2) = 1 — g—zsin2(ﬂt/2). This is
the Rabi oscillation of |a > in laser field.

From part (b) one can write down the time dependent potential of dressed states
v,

1 - = hQ?2
Us(t) = —=Po()E(t) = T2 cos?(wpt)
2 20y,
Taking the time average, we have UL(t) = $%. So the force is :l:hzsgﬁ

Alternatively, one could calculate the expectation value for the total energy, i.e.
evaluate the expectation value for the operator ih%. For the state ¥, , we obtain
% + hsin?0w;. Naively, the force would be the derivative of it, which includes
the derivative of the second term. However, this is incorrect, since it corresponds
to the excited state which has absorbed a photon from the laser field. In other
words, we are including here only the energy of the atom, but not of the laser field.
If we would include the laser field, then the photon energy would not appear. We
avoided this difficulty, when we simply calculated the force of the external laser
filed onto the induced atomic dipole moment.

In class, we derived the forces seen by the upper and lower levels ¥, are F, =
:F%hVQ. In the 47 > Q; limit, we have

1 vQ? rVQ?
Fi=F-RV\/Q2+6 =7 L~ + !
S’ ' 4,/03 + 62 40

Comparing this to part (e), we conclude that the two pictures agree when we use
the time average of the force exerted by the classical laser field.

Note that the treatment in class with the quantized treatment of the electromag-
netic field avoided the use of time dependent fields and Hamiltonians by assuming
the em. field to be a Fock state with a given photon number. A classical field is
a coherent state with the same mean photon number, but we have a time depen-
dence due to the beat note of the different Fock states which are superimposed
to give the coherent state.



You may wonder why one treatment (using the external potential —%ﬁﬁ ) gives a
time dependence at a frequency of 2 wy,, why others don’t (using the approach with
quantized EM field, or simply using the derivative of the time-dependent wave
function). I am not 100 % sure, but the answer should be related to the rotating
wave approxnnatlon where terms rapidly oscﬂlatmg at 2 wy, are discarded. When
we calculated — PE we used a solution for P which was obtained within the
RWA, but mult1p11ed 1t with the total field E, which has co- and counter-rotating
parts.

2. Sideband Cooling

(a) Expanding to first order in 1, we get

hQ i(kT—w —i(kT—w
H = 2(0++O’)<6(k B 4 ik ﬂ)
hQ N AT —iwt PN ~F iwt
= 2(0++0)<[1+m(a+a)]6 +[1 —in(a+a')le ) :

The rotating frame Hamiltonian, H7, is given by the transformation H; — Hj =

eHot/h [ e=tHot/h - This is equivalent to transforming the operators 64, @, and af
+iwot iHot/hdefiHot/h — 5 —ivt
)

according to 6, — eHot/hg, e—tHot/h — 5, ¢ , a4 — e ae
and af — etfot/hgte—itot/h — gieit g6 we get
HI — 7(U+€lw0t—|—(776 'Lw0t>

X ([1 +in(ae™™ +a'e™)]e ™" + 1 —in(ae™ ™" + a' Z”t)]ei‘”t) :
Finally, throwing away the terms rotating at wy + w and wg + w £+ v we get
hQ

HI _ 7 (6,+€fi5t + 6'761'&)
hQ2 4
—l—Z?Tl (0 qe— 0+t _ (ALdfez(cHu)t)
hQ2 4
—H?n (& afe 00—t —&,dez(‘;’”)t) .

We can read off the Rabi frequencies using
A
2
to be Q.1 = Qy/nn and Q,, 11 = Q/n + 1.
(b) This part is done in the class notes. The rates are given by
022
r

= (n£ 1| (el H} [n) |g)

Ay =

[aW () + W (6 F v)]

where
)= —— .



(¢) The first half of this part is done in the class notes:

d

Sn) = —(A-— A)(m) + A,

with solution

where

Ay
A A,

From here we find that the steady state temperature is

(n)ss =

hv 1 hv 1

Toeo = — -
” FaIn (fli) ke In ((2;)2 1+44a)

and the time constant is

1T
A A, Qe

T =

Plugging in the numbers and using o = 2/7 for an electric quadrupole transition
we get Tog = 13 puK and 7 = 8.0 x 10* s for cooling on the natural Sij2 —
D5,y transition, and Tsg = 42 uK and 7 = 0.32 s for cooling on the broadened
transition.



