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Analytical description of a trapped semi-ideal Bose gas at finite temperature
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Present experiments with Bose condensed gases can be largely described by a semi-ideal two-gas model. In
this model, the condensate is influenced only by the mean-field repulsion among condensed atoms, while the
thermal cloud is considered an ideal gas confined by an effective potential that consists of the external trap and
the mean-field repulsion by the condensate. This simple, intuitive model provides explicit analytical expres-
sions for the density distributions of the condensate and the thermal component. It describes the reduction of
the condensate fraction relative to that of an ideal gas as a consequence of the positive chemical potential due
to interactions in the condensate.@S1050-2947~98!09209-9#

PACS number~s!: 03.75.Fi, 05.30.Jp
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Recent experiments with Bose-Einstein condensed a
gases~cf., e.g., Refs.@1,2#! have been successfully describ
by different approximation schemes. The diluteness of th
gases, expressed asna3!1, wherea is the two-body scatter
ing length, allows a description in terms of an effecti
mean-field theory. At zero temperature the condensate ca
described by the Gross–Pitaevskii equation@3,4#, a nonlinear
Schrödinger equation. In present experiments interactions
strong enough so that the chemical potentialm is much
larger than the level spacings\vx , \vy , and \vz of the
external harmonic potential. Therefore the use of
Thomas-Fermi approximation@5,6#, which neglects the ki-
netic energy of the condensate, has led to a tremendous
plification in the understanding of these experiments.

Recently, much theoretical and experimental attention
been focused on finite-temperature properties of Bo
condensed gases. A semiclassical Hartree-Fock-Popov
scription produced excellent agreement with experiment
measured equilibrium quantities@7#. Further, unlike in a spa
tially homogeneous gas, it was found that collective elem
tary excitations contribute very little to thermodynamic pro
erties@7#, due to the relatively small spatial overlap betwe
condensate and thermal components in a harmonic t
Thus, even a semiclassical Hartree-Fock approximation
fairly accurate description of these gases, except for a s
temperature range close to the critical temperature. For
ample, excellent agreement has been achieved by a com
son of Hartree-Fock density profiles with the results o
comprehensive path-integral Monte Carlo calculation@8#.

In this paper we introduce a further simplification of th
self-consistent Hartree-Fock model by neglecting atomic
teractions in the thermal component of the gas. Like the
troduction of the Thomas-Fermi approximation@5# the re-
duction to Eqs.~4!–~6! and~12! has the important advantag
of providing an explicit analytical description of a trappe
Bose gas at finite temperature.

We consider atoms that are trapped in a generally an
tropic harmonic potential. Under the appropriate rescaling
PRA 581050-2947/98/58~3!/2423~4!/$15.00
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energy and lengths, the harmonic potential has the fo
V(r )5r 2/2. Here the dimensionless Cartesian coordinate
r are given in units ofA\v/mvx,y,z

2 , with v5(vxvyvz)
1/3.

Other lengths, like the thermal wavelengthlT and the scat-
tering lengtha, are scaled in units of the natural leng
A\/mv of a harmonic oscillator with angular frequencyv.
The energyV(r ) as well as other energies are implicit
given in units of\v.

Then, in the self-consistent Hartree-Fock model, the d
sities of the condensate and the thermal component are g
as solutions of the two coupled equations@5,7#

n0~r !5
m2r 2/222UnT~r !

U
u„m2r 2/222UnT~r !…, ~1!

nT~r !5
1

lT
3

g3/2~e2~r 2/212U[n0~r !1nT~r !] 2m!/kBT!. ~2!

Here the Thomas-Fermi approximation has been appl
which neglects the kinetic energy of the condensate and
plicitly finite-size effects. The strength of the atomic intera
tions is given byU54pa. We use the thermal wavelengt
lT5A2p/kBT and the Bose functiong3/2 is defined by
ga(z)5( j 51

` zj / j a. The chemical potentialm is determined
by the constraint of a given total atom number

N5E dr @n0~r !1nT~r !#. ~3!

For further reference, Eqs.~1!–~3! will be denoted as the
interacting model. Even though the model already repres
a relatively concise description, these equations still have
be solved self-consistently. This is done numerically by
iterative procedure@7#.

If one further neglects the mean-field repulsion from no
condensed atoms, Eqs.~1! and~2! are solved by the explicit
relations
2423 © 1998 The American Physical Society
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n0~r !5
m2r 2/2

U
u~m2r 2/2!, ~4!

nT~r !5
1

lT
3

g3/2~e2ur 2/22mu/kBT!, ~5!

with the chemical potentialm given by

m5
1

2
~15Na!2/5S N0

N D 2/5

. ~6!

These relations summarize a simple model of the partly c
densed gas, which we denote as the semi-ideal model.
condensate densityn0 is that of a zero-temperature conde
sate with N0 atoms, while the densitynT of the noncon-
densed cloud is that of an ideal gas of bosons confined in
combination of the external potential and the repuls
mean-field potential due to the condensate atoms. Its w
range of validity has been confirmed by a numerical analy
in Ref. @9#. However, in order to make it an intuitively ap
pealing, usable description of a trapped Bose gas, the
densate fraction has to be determined analytically as a fu
tion of temperature.

For later convenience let us introduce the reduced che
cal potentialm̄,

m̄5
m

kBT
5hS N0

N D 2/5S T

Tc
D 21

. ~7!

Here, the critical temperatureTc is that of a trapped ideal ga
@10,11# kBTc5@N/z(3)#1/3, where ga(1)5z(a) was ex-
pressed in terms of the Riemann zeta function. The redu
chemical potential depends on the scaling parameterh @7#

h5
mT50

kBTc
5

1

2
z~3!1/3~15N1/6a!2/5, ~8!

which describes the strength of the atomic interactio
within the condensate. The scaling parameter is indepen
of the system size when the thermodynamic limit is taken
the usual way (N→`,v→0,Nv3 5 const!. Due to its rela-
tively weakN dependence,h assumes a value close to 0.3
most recent experiments@7#.

The condensate fraction is determined by integration o
the thermal density distribution. ForT,Tc , the result can be
written in terms of incomplete gamma functions@12#

N0

N
512

2

Ap

1

z~3!S T

Tc
D 3

(
j 51

`
1

~ jkBT!3/2S E0

m

deAeej ~e2m!/kBT

1E
m

`

deAee2 j ~e2m!/kBTD
512

2

Ap

1

z~3!S T

Tc
D 3

(
j 51

`
1

j 3
@e2 j m̄g~ 3

2 ,2 j m̄ !

1ej m̄G~ 3
2 , j m̄ !#. ~9!

Equation~9! is still an implicit expression, since it depend
again on the reduced chemical potential. Therefore,m̄ and
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N0 /N are given as simultaneous solutions of Eqs.~7! and
~9!. For temperaturesT.Tc a condensate does not exist, a
the reduced chemical potentialm̄,0 is trivially defined by
the single equationg3(em̄)5z(3)(T/Tc)

23.
Let us consider the results of the semi-ideal model in

limits of small and largem̄, corresponding toT'Tc and T
'0. Equation~9! is therefore rewritten

N0

N
512

2

Ap

1

z~3!S T

Tc
D 3

(
j 51

`
1

j 3
f ~ j m̄ ! ~10!

in terms of the function

f ~x!5E
0

x

dēAēeē2x1E
x

`

dēAēe2~ ē2x!, ~11!

where the reduced energyē5e/kBT has been introduced
The function f ( j m̄) can be expressed as a power series
Aj m̄, wherem̄ runs from 0 (T5Tc) to ` (T50). Truncat-
ing the series after the lowest nontrivial order yields

N0

N
512S T

Tc
D 3F11

z~2!

z~3!
m̄ G

512S T

Tc
D 3

2h
z~2!

z~3! S T

Tc
D 2S N0

N D 2/5

.

~12!

The first two terms of Eq.~12! correspond to the condensa
fraction of an ideal gas, whereas the third describes the
fluence of the condensate repulsion to lowest order inm̄.
This expansion adequately describes the solution of Eq.~9!
over the entire range of temperatures, provided thath!1. A
further simplification is derived by solving Eq.~12! to lowest
order inh, arriving at

N0

N
512S T

Tc
D 3

2h
z~2!

z~3!S T

Tc
D 2F12S T

Tc
D 3G2/5

. ~13!

Within Eqs.~12! and ~13!, the only effect of the conden
sate interactions is to shift the chemical potential to posit
values, raising the bottom of the effective potential which t
thermal atoms experience. The effect of changing the sh
of the potential enters only at higher orders of the expans
Equation~12! is thus a good approximation of Eq.~9! if most
of the thermal atoms are spatially separated from the cond
sate, a condition satisfied for temperatures close toTc and for
small h.

Equation~12! is not expected to be a good description f
extremely low temperatures. The understanding of this li
is facilitated byf (x) obeying the differential equation

d2

dx2
f 5 f 22Ax. ~14!

The function f (x) has to grow slower thanx3/2 for large
values ofx. Otherwise, the power series in Eq.~10! would
not converge. As a consequence, the second derivative in
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~14! vanishes for largex. Thus, the asymptotic limit of the
condensate fraction for low temperatures is given byf (x)
52Ax or

N0

N
512Ah

4

Ap

z~5/2!

z~3! S T

Tc
D 5/2

. ~15!

However, it has been shown@7# that the leading term of the
uncondensed fraction around zero temperature scales lik

N0

N
512h

p2

2A2z~3!
S T

Tc
D 2

~16!

due to quasiparticle contributions which are included in n
ther the semi-ideal nor the interacting Hartree-Fock tre
ment.

According to Fig. 1, whereh50.31 has been assume
the high-temperature expansions Eqs.~12! and to some ex-
tent Eq.~13! are very good approximations of the exact co
densate fraction@Eq. ~9!# of the semi-ideal model over th
whole range of temperaturesT,Tc . In contrast, we have
found that the validity of the low temperature limits of Eq
~15! and~16! are restricted to a very small range around z
temperature, which makes them nearly irrelevant for pra
cal purposes.

The condensate fraction given by the approximate so
tion of the semi-ideal model in Eq.~12! is compared in Fig.
2 with the result of an iterative solution of the interactin
model @Eqs. ~1!–~3!#. The difference between the curves
small except near the critical temperature, where the inte
tions among thermal atoms shift the critical temperature@13#.
This shift is not exhibited by the semi-ideal model. The wi
range of validity of the semi-ideal model has also been c
firmed by a numerical comparison with a Hartree-Foc
Popov calculation@9#. The latter includes collective excita
tions, which are ignored in the models shown in Fig.
These lead to an additional but negligible decrease of
condensate fraction@7#.

FIG. 1. Condensate fraction as a function of temperature, gi
by the semi-ideal model. The dashed line shows the exact solu
@Eq. ~9!# of the semi-ideal model. The solid line represents its hig
temperature limit@Eq. ~12!#. The explicit expression of Eq.~13! is
given by the dotted line. This plot demonstrates the validity of E
~12! over the whole range of temperaturesT,Tc . The explicit
approximation of Eq.~13! fails only in the vicinity of the critical
temperature~shown in the inset!.
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A direct comparison between the density distributions
the different models is given in Fig. 3 forT/Tc50.5. Here
the Thomas-Fermi solution of the condensate density of
~1! has been replaced by a solution of the full Gros
Pitaevskii equation. The main implication of the include
kinetic energy of the condensate is a smoothed out cond
sate surface. Within the Thomas-Fermi approximation
most no difference is seen between the two curves. E
though the unaccounted existence of collective excitati
changes the densities of condensate and thermal compo
close to the center of the trap by a significant amount, th

n
on
-

.

FIG. 2. Condensate fraction plotted as a function of temperat
comparing the discussed models. The ideal gas condensate fra
is given by the dash-dotted line. The dotted line is a numer
solution of the Hartree-Fock equations~1!–~3!. The solid line is
obtained from the analytical approximation@Eq. ~12!#, correspond-
ing to the solid line of Fig. 1. Except near the critical temperatu
~shown in the inset!, the semi-ideal model well approximates th
solution of the interacting model. The critical temperatureTc refers
to the case of an ideal gas.

FIG. 3. A comparison of the density distributions atT/Tc50.5
predicted by the two discussed models. The upper solid line sh
the density of the thermal component as given by Eq.~5!. In com-
parison, the lower solid line has been calculated numerically us
Eq. ~2!. However, a numerical solution of the full Gross-Pitaevs
equation has been used instead of the Thomas-Fermi approxim
of Eq. ~1!. A small difference exists at the edge of the condens
due to the neglect of the kinetic energy in the semi-ideal mod
However, the total density is only weakly affected by this effect,
is seen by the two dash-dotted lines. Again, the upper dash-do
line refers to the total density given by the semi-ideal model, wh
the lower curve corresponds to the self-consistent Hartree-Fock
proximation. Here a total atom number ofN553106 was assumed.
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influence on the total density is negligibly small for mo
temperatures@8#.

In recent experiments, trapped Bose gases have b
probedin situ using either nondestructive dispersive imagi
techniques@14# or off-resonant absorption imaging@15#.
These methods are important new tools in the understan
of trapped Bose gases, with distinct advantages over the
viously used time-of-flight measurements of expanding at
clouds@1,2#. We therefore expect that the results of this p
per will become useful for futurein situ experiments with
trapped Bose gases. These new optical detection techni
measure column or line density profiles; we therefore de
mine these profiles from Eqs.~4! and~5! by integration over
one or two dimensions.

In cylindrical coordinates, where the probe beam is
rected along thez axis, the according column densities a
given by

n0~r!5
4A2

3

~m2r2/2!3/2

U
u~m2r2/2!, ~17!

nT~r!5
2p

lT
4 H g2~em̄~r!!, m̄~r!,0

E
0

`

dē
1

Apē
g3/2~e2u ē2m̄~r!u!, m̄~r!.0,

~18!

where m̄(r)5(m2r2/2)/kBT. Equivalently, we obtain the
line densities

n0~z!5p
~m2z2/2!2

U
u~m2z2/2!, ~19!
B

p.

ta
en

ng
re-

-

es
r-

-

nT~z!5
~2p!2

lT
5 H g5/2~em̄~z!!, m̄~z!,0

2z~5/2!2g5/2~e2m̄~z!!, m̄~z!.0,
~20!

with m̄(z)5(m2z2/2)/kBT.
We therefore conclude that the proposed semi-id

model of Eqs.~4!–~6! and ~12! represents a rather good d
scription of a trapped Bose gas at finite temperature, p
vided that h is not larger than the valuesh'0.3– 0.4
achieved in recent experiments. Its mathematical simplic
gives a much clearer conceptual picture than the s
consistent approaches that have been used before. The
served agreement of the semi-ideal model with a s
consistent Hartree-Fock calculation has confirmed that
density of the thermal component is too low to necessitate
interacting gas description. Instead, the observed depletio
the condensate fraction arises from condensate interact
leading to a positive value of the chemical potential,
equivalently to a raised bottom of the effective potential
which the thermal component resides. It is well described
Eq. ~12!, which is a low-order expansion inm̄. In contrast,
the changed shape of the effective potential does not in
ence the thermal population in a noticeable way.
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