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Imaging the Mott Insulator Shells
by Using Atomic Clock Shifts
Gretchen K. Campbell,1* Jongchul Mun,1 Micah Boyd,1 Patrick Medley,1

Aaron E. Leanhardt,2 Luis G. Marcassa,1† David E. Pritchard,1 Wolfgang Ketterle1

Microwave spectroscopy was used to probe the superfluid–Mott insulator transition of a Bose-Einstein
condensate in a three-dimensional optical lattice. By using density-dependent transition frequency
shifts, we were able to spectroscopically distinguish sites with different occupation numbers and to
directly image sites with occupation numbers from one to five, revealing the shell structure of the Mott
insulator phase. We used this spectroscopy to determine the onsite interaction and lifetime for
individual shells.

T
he Mott insulator (MI) transition is a

paradigm of condensed matter physics,

describing how electron correlations can

lead to insulating behavior even for partially filled

conduction bands. However, this behavior

requires a commensurable ratio between electrons

and sites. If this condition for the density is not

exactly fulfilled, the system will be conductive.

For neutral bosonic particles, the equivalent

phenomenon is the transition from a superfluid

to an insulator for commensurable densities. In

inhomogeneous systems, as in atom traps, the

condition of commensurability no longer ap-

plies: For sufficiently strong interparticle inter-

actions, it is predicted that the system should

separate into MI shells with different occu-

pation number, separated by thin superfluid

layers (1–3).

The recent observation of the superfluid-

to-MI transition with ultracold atoms (4) has

stimulated a large number of theoretical and ex-

perimental studies E(5) and references therein^.
Atomic systems allow for a full range of control

of the experimental parameters, including tun-

ability of the interactions and defect-free prepa-

ration, making them attractive systems for

studying condensed matter phenomena. The MI

phase in ultracold atoms has been characterized

by studies of coherence, excitation spectrum,

noise correlations (4, 6, 7), and molecule

formation (8). Recently, by using spin-changing

collisions, Gerbier et al. selectively addressed

lattice sites with two atoms and observed the

suppression of number fluctuations (9).

In this study, we combined atoms in the MI

phase with the high-resolution spectroscopy used

for atomic clocks and used density-dependent

transition frequency shifts to spectroscopically

resolve the layered structure of the Mott shells

with occupancies from n 0 1 to n 0 5 and to

directly image their spatial distributions.

Bosons with repulsive interactions in an

optical lattice can qualitatively be described by

the Hamiltonian (10, 1),

Ĥ 0 jJ
X
bi, jÀ

â
.
i aj þ 1=2U

X
i

n̂iðn̂i j 1Þ þ

X
i

ðei jmÞn̂i ð1Þ

where the first two terms are the usual

Hamiltonian for the Bose-Hubbard model, the

last term adds in the external trapping potential,

and J is the tunneling term between nearest

neighbors, â
.
i and âi are the boson creation and

destruction operators at a given lattice site. U 0
(4pI2a/m)Xkw(x)k4d3x is the repulsive onsite

interaction, where I is Planck_s constant divided
by 2p, m is the atomic mass, a is the s-wave

scattering length, w(x) is the single particle

Wannier function localized to the ith lattice site,

and n̂i 0 â
.
i âi is the number operator for bosons

at site i. The last term in the Hamiltonian is due

to the external trapping confinement of the

atoms, where e
i
0 V

ext
(r
i
) is the energy offset

at the ith site due to the external confinement

and m is the chemical potential.

The behavior of this system is determined by

the ratio J/U. For low lattice depths, the ratio is

large and the system is superfluid. For larger

lattice depths, the repulsive onsite energy begins

to dominate, and the system undergoes a

quantum phase transition to a MI phase. For

deep lattices, the atoms are localized to individ-

ual lattice sites with integer filling factor n. This

filling factor varies locally depending on the

local chemical potential m
i
0 m j e

i
as

n 0 Modðmi=UÞ ð2Þ

where Mod is the modulo and decreases from

the center to the edge of the trap.

To prepare the atoms in the Mott insulating

phase, we first created a 87Rb Bose-Einstein

condensate in the the kF 0 1, m
F
0 j1À state

(where F and m
F
are the quantum numbers for

the total spin and its t component, respectively)

by using a combination of an Ioffe-Pritchard

magnetic trap and an optical dipole trap. The

optical trap was oriented perpendicular to the

long axis of the magnetic trap, creating a more

isotropic trapping potential that was better

matched to the optical lattice. The laser beam

for the optical trap had a 1/e2 waist , 70 mm
and was retroreflected. However, the polariza-

tion of the retroreflected beam was rotated such

that the interference between the two beams

had minimal contrast. The resulting trap had

radial and axial trap frequencies of w 0 2p �
70 Hz and w 0 2p � 20 Hz, respectively, where

the axial direction is now parallel to the optical

trap. A three-dimensional (3D) optical lattice

was created by adding two additional retro-

reflected laser beams derived from the same laser

at l 0 1064 nm. The lattice was adiabatically

ramped up by rotating the polarization of the

retroreflected optical trapping beam to increase

the interference contrast along that axis and by

increasing the laser power in the other two axes.

The lattice depth was increased by using an

exponential ramp with a 40-ms time constant.

After ramping on the lattice, all three beams were

linearly polarized orthogonal to each other and
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had different frequency detunings generated by

using acousto-optic modulators. The lattice depth

was up to 40E
rec
, where E

rec
0 I2k2/2m is the

recoil energy and k 0 2p/l is the wave vector of

the lattice light. At 40E
rec
, the lattice trap

frequency at each site was w
lat
0 2p � 25 kHz,

and the external trap frequencies increased to

w 0 2p � 110 Hz and w 0 2p � 30 Hz in the

radial and axial directions, respectively.

Zeeman shifts and broadening of the clock

transition from the F 0 1 to the F 0 2 state were

avoided by using a two photon transition

between the k1, j1À state and the k2, 1À state,

where at a magnetic bias field of È 3.23 G both

states have the same first-order Zeeman shift

(11). The two-photon pulse was composed of

one microwave photon at a fixed frequency of

6.83 GHz and one radio frequency (rf) photon at

a frequency of around 1.67 MHz. The pulse had

a duration of 100 ms, and when on resonance

the fraction of atoms transferred to the k2, 1À

state was less than 20%. After the pulse, atoms

in the k2, 1À state were selectively detected with

absorption imaging by using light resonant with

the 52S1/2k2, 1À Y 52P3/2k3, 1À transition. For

observing the spatial distribution of the Mott

shells, we imaged the atoms in the trap. For

recording spectra, we released the atoms from

the trap and imaged them after 3 ms of ballistic

expansion in order to reduce the column density.

When the two-photon spectroscopy is per-

formed on a trapped condensate without a lattice,

the atoms transferred to the k2, 1À state have a

slightly different mean field energy because of the

difference between a
21
and a

11
scattering lengths,

where a
21

is the scattering length between two

atoms in states k2, 1À and k1, j1À and a
11

is the

scattering length between two atoms in the

k1, j1À state. This difference in scattering

lengths leads to a density-dependent shift to the

resonance frequency, Dn º r(a
21
j a

11
), where

r is the condensate density (11). This collisional

shift is commonly referred to as the clock shift

(12) because of its importance in atomic clocks,

where cold collisions currently limit the accura-

cy (13, 14). When performed on a condensate

with peak density r
0
in a harmonic trap in the

limit of weak excitation, the line shape for the

two-photon resonance is given by (15):

IðvÞ 0 15hðv j v0Þ
4r0DE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1j

hðv j v0Þ
r0DE

s
ð3Þ

where n
0
is the hyperfine transition frequency

and the mean field energy difference is

DE 0
h2

pm
ða21 j a11Þ ð4Þ

In the case of 87Rb, a
21
0 5.19 nm and a

11
0

5.32 nm (16). Both the frequency shift and the

linewidth increase with the condensate density.

As the lattice is ramped on, the peak density of

the condensate in a given lattice site increases as

r0ðrÞ 0 m j 1=2mw2
trapr

2
� �

1=U ð5Þ

where w
trap

is the external trap frequency for the

combined magnetic and optical trap, and, by

using the Thomas-Fermi approximation m, the
chemical potential, is given by

m 0

"
15=16

ðl=2Þ3m
3=2NUw3

trapffiffiffi
2

p
p

#2=5

ð6Þ

where N is the total atom number. For low lattice

depths, the system is still a superfluid, delocalized

over the entire lattice. However, the two-photon

resonance line is shifted and broadened because

of the increased density, with the center of the

resonance at n 0 n
0
þ 2r

0
DE/3h. For deep

lattices in the MI regime, the repulsive onsite

interaction dominates, number fluctuations are

suppressed, and each lattice site has a sharp

resonance frequency determined by the occupa-

tion number in the site. The separation between

Fig. 1. Two-photon spectroscopy across the superfluid-to-MI transition. Spectra for 3D lattice depths of
0Erec (open squares), 5Erec (open triangles), 10Erec (open circles), 25Erec (solid squares), and 35Erec
(solid circles) are shown. The spectra are offset for clarity. The shift in the center of the n 0 1 peak as
the lattice depth is increased is due to the differential AC Stark shift from the lattice. The dotted lines
show Gaussian fits of the peaks.

Fig. 2. Probing the
onsite interaction energy.
(A) The separation be-
tween the n 0 1 and
n 0 2 peaks is shown for
lattice depths of V 0
25Erec (square) and V 0
35Erec (circle). As the
lattice depth was in-
creased, the separation
increased from 22(1) Hz
to 30(1) Hz. The shaded
area gives the expected value determined from a band structure
calculation, including the uncertainty in the scattering lengths. The
uncertainty in the measured separation is indicated by the size of the
points. (B) Location of resonances for all MI phases relative to the n 0 1
phase for V 0 25Erec and V 0 35Erec. For low site occupation (n values

from 1 to 3), the separation between the resonances is roughly constant,
implying constant U. For V 0 35Erec, the separation between the n 0 4 and
n 0 5 peaks was 22(2) Hz, a 27% decrease from the 30(1) Hz separation
between the n 0 1 and n 0 2 peaks. The slope of the lines is fit to the
separation between the n 0 1 and n 0 2 peaks.
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the resonance frequencies for the n and n j 1

MI phases is given by

dv 0
U

h
ða21 j a11Þ=a11 ð7Þ

The linewidth of the resonances is no longer

broadened by the inhomogeneous density and

should be limited only by the bandwidth of the

two-photon pulse.

The resonance transitioned from a broadened

line to several sharp lines as the lattice depth was

increased (Fig. 1). At a lattice depth of V 0 5E
rec
,

the line was broadened and the line center was

shifted slightly because of the increased density.

At V 0 10E
rec
, the line was shifted and broadened

further, and in addition the line shape became

asymmetric as the atom number in lattice sites

with small occupation was squeezed. For deeper

lattice depths, the system underwent a phase

transition to a MI phase, and discrete peaks

appeared, corresponding to MI phases with

different filling factors; for V 0 35E
rec
, MI phases

with occupancies of up to five were observed.

When the lattice depth was increased inside

the MI regime (from V 0 25E
rec

to V 0 35E
rec
),

the separation between the resonance peaks

increased, presumably because of the larger

onsite interaction energy as the lattice trap was

increased. As given in Eq. 7, the separation

between the peaks provides a direct measure-

ment of the onsite interaction energy, U. Our

results are in good agreement with calculated

values of U (Fig. 2A). Although the separation

between the n 0 1, n 0 2, and n 0 3 peaks is

roughly constant, for higher filling factors the

separation between the peaks decreases; the

effective onsite interaction energy becomes

smaller for higher filling factors (Fig. 2B). This

result shows that for low occupation numbers the

atoms occupy the ground state wave function of

the lattice site, whereas for larger occupation

numbers, the repulsive onsite interaction causes

the wave function to spread out, lowering the

interaction energy. From a variational calcula-

tion of the wave function similar to (17), we

find that the onsite energy for the n 0 5 shell

should be È20% smaller than that for the n 0 1

shell, in agreement with the measured value

(Fig. 2B).

The peaks for the different occupation

numbers were spectrally well separated. There-

fore, on resonance, only atoms from a single

shell were transferred to the k2, 1À state. An

image of these atoms (without any time of

flight) shows the spatial distribution of this

shell. Figure 3B shows absorption images for

n 0 1 to n 0 5 shells. As predicted (1), the n 0 1

MI phase appears near the outer edge of the

cloud. For larger n, the radius of the shell

decreases, and the n 0 5 sites form a core in

the center of the cloud. The expected radius for

each shell was obtained from Eq. 2 by using

the measured values for the onsite interaction.

The observed radii were in good agreement

except for the n 0 1 shell, which may have

been affected by anharmonicities in the exter-

nal trap. Absorption images taken with rf

values between the peaks show a small signal,

which may reflect the predicted thin superfluid

layers between the insulating shells; however,

this needs be studied further with improved

signal-to-noise ratio. The expected absorption

image of a shell should show a column density

with a flat distribution in the center and raised

edges. However, because of limitations (reso-

lution and residual fringes) in our imaging

system, these edges were not resolved.

Because we were able to address the dif-

ferent MI phases separately, we could determine

the lifetime for each shell. For this, the atoms

were first held in the lattice for a variable time t
before applying the 100-ms two-photon pulse.

For the n 0 1 MI phase and ignoring technical

noise, the lifetime should only be limited by

spontaneous scattering from the lattice beams.

Even for the deepest lattices, the spontaneous

scattering rate is less than 10j2 Hz. For the n 0
2 MI phase, the lifetime is limited by dipolar

relaxation, which for 87Rb is slow, with a rate G
10j2 Hz. For sites with n Q 3, the lifetime is

limited by three-body recombination with a rate

equal to gn(n j 1)(n j 2) (18), with g 0 0.026

Hz for our parameters. This gives three-body

lifetimes of t
3B

of 6.2 s, 1.6 s, and 0.6 s for the

n 0 3, n 0 4, and n 0 5 MI phases, respectively.

This calculation of g assumes for the density

distribution the ground state of the harmonic

oscillator potential, so for higher filling fac-

tors the actual lifetime could be higher. We

Fig. 4. Lifetime of individ-
ualMI shells.The lifetime for
each MI phase can be
measured independently by
adding a hold time before
applying the two-photon
pulse. Spectra are shown
for hold times of 0ms (solid
circles), 100 ms (solid
squares), 400 ms (open
circles), and 2000 ms (open
squares). The lattice depth
was V 0 35Erec except for
the 100-ms hold time, for
which it was V 0 34Erec. The
lines show Gaussian fits to
the peaks, and the spectra
were offset for clarity.

Fig. 3. Imaging the shell structure of the MI. (A) Spectrum of the MI at V 0
35Erec. (B) Absorption images for for decreasing rf frequencies. Images a to
e were taken on resonance with the peaks shown in (A) and display the
spatial distribution of the n 01 to n 0 5 shells. The solid lines shows the

predicted contours of the shells. Absorption images taken for rf frequencies between the peaks (images i to iv) show a much smaller signal. The field of
view was 185 mm by 80 mm.
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show relative populations as a function of the

hold time and derive lifetimes as t almost

equal to 1 s, 0.5 s, and 0.2 s for the n 0 3, n 0
4, and n 0 5 MI phases, respectively (Fig. 4);

this is shorter than predicted, which is possibly

due to secondary collisions. For n 0 1 and n 0
2, lifetimes of over 5 s were observed.

We expect that this method can be used to

measure the number statistics as the system un-

dergoes the phase transition. One would expect

that the spectral peaks for higher occupation num-

ber become pronounced only at higher lattice

depth; an indication of this can be seen already in

Fig. 1. For low lattice depths, the tunneling rate is

still high, but one can suddenly increase the lat-

tice depth and freeze in populations (19), which

can then be probed with high-resolution spec-

troscopy. Fluctuations in the atom number could

identify the superfluid layers between the Mott

shells. In addition, by applying a magnetic gra-

dient across the lattice, tomographic slices could

be selected, combining full 3D resolution with

spectral resolution of the site occupancy. These

techniques may address questions about local

properties that have been raised in recent theo-

retical simulations (20). The addressability of

individual shells could be used to create systems

with only selected occupation numbers (e.g., by

removing atoms in other shells). Such a prepara-

tion could be important for the implementation of

quantum gates, for which homogenous filling is

desirable. For atoms other than rubidium, atomic

clock shifts are much larger, e.g., for sodium,

larger by a factor of 30. Therefore, it should be

easier to resolve the MI shells, unless the

collisional lifetime of the upper state of the clock

transition sets a severe limit to the pulse duration.

Note added in proof: After submission of

this work, the vertical profile of an n 0 2 MI

shell was obtained by using spin-changing

collisions and a magnetic resonance imaging

technique (21).
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6. T. Stöferle, H. Moritz, C. Schori, M. Köhl, T. Esslinger,
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419, 51 (2002).
20. O. Gygi, H. G. Katzgraber, M. Troyer, S. Wessel,

G. G. Batrouni, Phys. Rev. A. 73, 063606 (2006).
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Evidence for a Past High-Eccentricity
Lunar Orbit
Ian Garrick-Bethell,* Jack Wisdom, Maria T. Zuber

The large differences between the Moon’s three principal moments of inertia have been a mystery
since Laplace considered them in 1799. Here we present calculations that show how past high-
eccentricity orbits can account for the moment differences, represented by the low-order lunar
gravity field and libration parameters. One of our solutions is that the Moon may have once been
in a 3:2 resonance of orbit period to spin period, similar to Mercury’s present state. The possibility
of past high-eccentricity orbits suggests a rich dynamical history and may influence our
understanding of the early thermal evolution of the Moon.

T
he Moon is generally thought to have

accreted close to the Earth and migrated

outwards in a synchronously locked low-

eccentricity orbit. During the early part of this

migration, theMoonwas cooling and continually

subjected to tidal and rotational stretching. The

principal moments of inertia A G B G C of any

satellite are altered in a predictable way by

deformation due to spin and tidal attraction. The

moments are typically characterized by ratios

that are easier to measure, namely, the libration

parameters b 0 (C – A)/B and g 0 (B – A)/C,

and the degree-2 spherical-harmonic gravity

coefficients C
20

0 (2C – B – A)/(2Mr2) and

C
22

0 (B – A)/(4Mr2), where M and r are the

satellite mass and radius. Of these four values

b, g, and C
20

can be taken as independent.

Using the ratio (C – A)/A, Laplace was the first

to observe that the lunar moments are not in

equilibrium with the Moon_s current orbital

state (1). He did not, however, address the

possibility of a Bfossil bulge,[ or the frozen

remnant of a state when the Moon was closer to

the Earth. Sedgwick examined the lunar

moments in 1898, as did Jeffreys in 1915 and

1937, and both authors effectively showed that

b is too large for the current orbit, suggesting

that the Moon may carry a fossil bulge (2–5).

However, Jeffreys showed that the fossil

hypothesis might be untenable because the ratio

of g/b 0 0.36 does not match the predicted ratio

of 0.75 for a circular synchronous orbit (equiv-

alently, C
20
/C

22
0 9.1, instead of the predicted

ratio of 3.33). Indeed, using data from (6), none

of the three independent measures of moments

represent a low-eccentricity synchronous-orbit

hydrostatic form; C
20

0 2.034 � 10j4 is 22

times too large for the current state, and b 0

6.315 � 10j4 and g 0 2.279 � 10j4 are 17 and

8 times too large, respectively (7, 8).

The inappropriate ratio of g/b orC
20
/C

22
has

led some to dismiss the fossil bulge hypoth-

esis as noise due to random density anomalies

(9, 10). However, the power of the second-

degree harmonic gravity field is anomalously

high when compared to the power expected

from back extrapolating the power of higher

harmonics (7, 11). This suggests that the bulge

may be interpreted as a signal of some

process. Degree-2 mantle convection has been

proposed as a means of deforming the Moon

(12, 13), but the dissimilarity of all three prin-

cipal moments violates the symmetry of any

simple degree-2 convection model (12). The

Moon_s center-of-mass/center-of-figure offset

influences the moment parameters slightly,

but that problem is geophysically separate and

mathematically insignificant to the degree-2

problem (8, 14).

Because C
20

is due primarily to rotational

flattening, and C
22

is due to tidal stretching,

the high C
20
/C

22
ratio seems to imply that the

Moon froze in its moments while rotating

faster than synchronous. However, in such

cases no constant face would be presented to

the Earth for any C
22

power to form in a

unique lunar axis. This apparent dilemma can

be avoided by considering that in any eccen-

tric orbit with an orbit period to spin period

ratio given by n:2, with n 0 2, 3, 4, I, the

passage through pericenter results in higher

C
22

stresses throughout a single elongated

axis (hereafter called the pericenter axis).

When the stresses experienced over one orbit

period are time-averaged, the highest stresses
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